Introduction
The fundamental problem in CAGD and CAD/CAM is to find a practical way for curves and surfaces representation. The most familiar solution is the parametric Bézier representation. A polynomial Bézier curve is defined by c n (t) = (i) the curve c n (t) interpolates the endpoints p 0 and p n , with c n (0) = p 0 , c n (1) = p n ; furthermore, the tangent vectors at the endpoints are c n (0) = n(p 1 − p 0 ) and c n (1) = n(p n − p n−1 );
(ii) because of the well-known property n i=0 b n i (t) = 1 of the Bernstein polynomials, the curve c n (t) lies in the convex hull of the points p i , i = 0, . . . , n, and simulates the geometric form of the control polygon {p 0 , p 1 , . . . , p n }; (iii) a small shifting of a point p i creates a local deformation of the curve c n (t) in the neighborhood of the point p i . where ω i are real positive coefficients. Increasing one of the ω i 's pulls the curve toward the point p i . A more complete survey of the Bézier curves and surfaces can be found in de
Rational Bézier curve is defined by
Boor [3] , Farin [5] , and Faux and Pratt [6] .
Generalizations of Bézier curves have been undertaken, among which one can quote first the interval Bézier curves introduced by Sederberg and Farouki [13] for which each point p i is replaced by a rectangular plane domain, then Lin and Rokne [8] have studied the disk Bézier curves where the point p i is replaced by a plane disk.
In this paper we consider the case where each point p i is replaced by a ball of center c i and radius r i in the affine space R 3 ; if r i = 0, the ball will be identified with its center c i . In Section 2, we define the ball arithmetic which will be the generalization of the interval arithmetic introduced by Moore [11] and the disk arithmetic introduced by Gargantini and Henrici [7] . Interval arithmetic has several applications for computing the zeros of a function with a prescribed error, computing the range of a function on an interval, and solving a system of linear equations whose coefficients are given with certain error or differential equations. Interval arithmetic is presented by Alefeld and
Herzberger [1] .
In Section 3, we define the rational ball Bézier curve and give some basic properties. In Section 4 we propose a necessary and sufficient condition for the piecewise connection with G 1 continuity (i.e., the tangent plane continuity) between two adjacent ball Bézier curves by means of their envelopes. This leads to the construction of a G 1 ballspline. In Section 5 we present an application for the approximation of a given space curve using a degree five ball Bézier curve and the Hermite interpolation method, then we show that there is a best least square approximation of the given curve contained in the ball Bézier curve. We conclude by an example.
Ball arithmetic
We define operations on balls in a three-dimensional space. Let p = {x ∈ R 3 | x − c ≤ r} be a ball in the affine space R 3 of center c and radius r, denoted by p = c, r . When r = 0, the ball p = c, 0 will be identified with its center c.
We define the following operations for all balls p i = c i , r i , i = 1, 2, and real number a:
More generally, we have
Notice that the addition satisfies the associative and commutative laws; furthermore, the multiplication of a ball by a scalar can be distributed over addition.
Rational ball Bézier curves
Let p i = c i , r i , i = 0, 1, . . . , n, be n + 1 given balls weighted by real positive numbers
Definition 3.1. A degree n rational ball Bézier curve with control balls p i is defined by
By (2.2), we have
2)
It follows that one can write
where c(t) is a rational Bézier curve called center curve because its control points are the centers c i of the balls p i . We immediately deduce the following properties:
(1) for each fixed value t 0 ∈ [0, 1], p (t 0 ) is a ball of center c(t 0 ) and radius r(t 0 ) so that if t 0 varies in [0, 1], then p (t) is the volume spanned by the balls p (t 0 ) whose centers c(t 0 ) describe the curve c(t), the radii r(t 0 ) being a convex combination of r i (t 0 ), i = 0, . . . , n; (2) the ball Bézier curve p (t) contains all the Bézier curvesc(t) such that (3) let r M = max i (r i ); then 0 ≤ r(t) ≤ r M and we deduce that
that is, the ball p (t) lies inside the cylinder of constant radius r M and axis c(t); (4) finally the ball Bézier curve inherits geometrical properties of Bézier curves and surfaces such as interpolation of the end balls p (0), p (1) and the convex hull property.
Piecewise connections
In this section it is shown how to join end-to-end two (therefore several) ball Bézier curves to construct a ball-spline curve verifying some continuity conditions in the neighborhood of the connection region. In the case of Bézier curve, one requires a geometric continuity called G n continuity:
(1) G 1 continuity corresponds to tangent continuity, (2) G 2 continuity corresponds to the curvature continuity at the connection point.
More precisely, we have the following definition.
Definition 4.1. Let b 1 (t) and b 2 (t) be two Bézier curves such that
3)
, are curvatures (s is the arc length) and the prime denotes derivative with respect to t. Conditions (4.1) and (4.2) express the G 1 continuity;
if, in addition, condition (4.3) is satisfied, the G 2 continuity is realized.
Analogous conditions exist for surfaces (see Farin [5] ); in particular, the G 1 continuity is defined as the continuity of the tangent plane along the common edge.
Definition 4.2. Let p 1 (t) = c 1 (t), r 1 (t) and p 2 (t) = c 2 (t), r 2 (t) be two ball Bézier curves such that p 1 (1) = p 2 (0). p 1 (t) and p 2 (t) are G r continuous if their envelopes
Thus we are brought to examine the envelope of a ball Bézier curve.
Envelope of a ball Bézier curve
The envelope of a ball Bézier curve p (t) = c(t), r(t) coincides with that of the oneparameter family of spheres with center c(λ) and radius r(λ). This envelope is defined by the system of equations [2, 4] x − c x (t)
For each t ∈ [0, 1], the above system represents the intersection of the plane P t defined by equation (4.5) with the sphere defined by equation (4.4) . If this intersection is not empty, it is therefore a circle Γ (t) of radius ρ(t) contained in the plane P t perpendicular to the tangent vector c (t) = (c x (t), c y (t), c z (t)) to the center curve c(t). By symmetry, the circle Γ (t) is centered at the point Ω(t) located on the tangent line (T ) at the point c(t).
Assume that the curve c(t) is regular (i.e., c (t
with the condition c (t) ≥ |r (t)|.
On the other hand, assume that c (t) = 0 for all t ∈ [0, 1] and that, without loss of generality, the parameter t is equal to the arc length s of the curve c(t). We consider the
where k(s) is the curvature of the curve c(s). This trihedron allows to write the parametric equations of the envelope as 
have a common edge
We denote by k 1 (s), k 2 (s) the curvatures and by τ 1 (s), τ 2 (s) the torsions of the center curves σ 1 (s) and σ 2 (s), respectively. Proof. By (4.10), condition (4.11) is equivalent to
Using the derivative formulas for polynomial Bézier curves [5] ,
conditions (4.12) imply c n =c 0 , t 1 (1) = t 2 (0). (4.14)
Therefore G 0 continuity for ball Bézier curves implies G 1 continuity of the center curves.
Then we realize the G 1 continuity for the envelopes by adding (4.11) to the tangent plane continuity condition along the common edge: 
For µ = −1 and ν = τ 1 (1) − τ 2 (0) = 0, condition (4.19) is equivalent to
Therefore the center curves σ 1 (s) and σ 2 (s) are G 2 continuous at the connection point
This process allows to construct a G 1 ball-spline. Proof. (i) Suppose that T 1 (t) and T 2 (t) are G 0 continuous. Taking into account con-
Ball-spline curve with null radius
, that is, σ 1 (s) and σ 2 (s) are G 0 continuous.
(ii) Suppose that T 1 (t) and T 2 (t) are G 1 continuous. Condition (4.21) gives
, that is, σ 1 (s) and σ 2 (s) are G 1 continuous.
Application
Given a curve q(t), t ∈ [0, 1], of an affine three-dimensional space, we seek an approximating ball Bézier curve of degree 5 using the Hermite interpolation method [5] :
The interpolation data are
Notice that the derivative formulas for Bézier curves [5] extend to ball Bézier curves of degree n in an obvious manner:
To determine the ball p 3 we use the supplementary condition
where q (5) (t) designates a ball centered at the coordinates origin and containing the vector q (5) (t). An iterated integration of this condition gives q(t) ∈ p (t); then we have
Finally the ball Bézier curve approximating the given curve q(t) has the equation
responding to the radius of the control ball p 3 is responsible for the thickness of the ball Bézier curve p (t), the other control balls being considered as points because they have null radii.
Notice that any Bézier curve
. . , 5, lies in the ball Bézier curve p (t), therefore s(t) is an approximation curve for q(t). More precisely, as all the p i 's, except p 3 , have null radii, by varying s 3 inside the control ball p 3 , one obtains different approximation curves for q(t). Then it would be interesting to have a method allowing to find one with a good approximation error. In this order we have recourse to the commonly used least square approximation.
Let · be the Euclidian norm in R 3 ; then the least square approximation consists in seeking a best approximation from the ball Bézier curve p (t) defined by (5.7)
to the given curve q(t) with respect to the L 2 -norm in the space of continuous functions
This problem is equivalent to the classical one of minimizing the functional
with the condition 10) where Proof. From the calculus of variations theory [3] , it is well known that such a problem can be solved with the help of the Lagrange method, by minimizing the functional 
14)
then, using the condition T = 0 with α 3 = 10/231, one obtains
Now recall that c 3 = (3/5)q 0 + (3/10)q 0 + (1/20)q 0 + (2/5)q 1 − (1/10)q 1 and s j = p j for j = 0, 1, 2, 4, 5. Then, after some algebra, we get the following result:
If β k = x k , for at least one value of k ∈ {1, 2, 3}, then λ − α 3 = 0 and we finally have two solutions according to the values of λ in (5.16). Let λ = α 3 + a andλ = α 3 − a be the two values of λ in (5.16); then we obtain the two distinct solutions
18)
One readily verifies that s 3i +s 3i = 2c 3i , which means that c 3 is the midpoint of the segment [s 3 ,s 3 ].
Example
We consider the spiral curve defined by q(t) = (cos πt, sin πt, t), t ∈ [0, 1]. Equation (5. Therefore, if T k (t) is the approximating ball for γ k , a G 1 approximating ball-spline of degree 5 for γ on I is obtained by joining end-to-end the balls T k (t).
For the previous example, let T k (t) = We have presented the ball Bézier curve in a three-dimensional space as a generalization of the disk Bézier curve in the plane introduced by Lin and Rokne. Then we have given a necessary and sufficient condition for the piecewise connection of two ball Bézier curves with a G 1 continuity that allows the construction of a G 1 ball-spline curve. As an application, we have presented a new method for the approximation of a given space curve using a ball-spline curve of degree 5 with the Hermite interpolation method and the least square approximation. We hope that other applications will follow; in particular, the problem of the intersection of two space curves must be examined from this point of view.
